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CS(S[a, b]) c ∈ C D(CS(S[a, b]), C) < δ
p p￿ pr S a ≤ p￿ < p < pr ≤ b
S[p￿] ∈ C ￿ S[pr] ∈ C ￿ S[p] = c
⇒ D(CS(S[a, b]), C ￿) ≤ δ D(CS(S[a, b]), C) < δ
c ∈ C c ∈ CS(S[a, b]) c /∈ C ￿ p￿ pr
[a, b] C ￿
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C S1, . . . , S￿−1 S￿[1, i− 1]
S￿￿ = S1, . . . Sk
C[￿￿]← δsum C S￿￿
C[￿￿] ￿= ∅ C[￿￿] = C[1], . . . C[k]
￿￿ = 1, . . . , k
[￿￿]← min[a,b]∈C[￿￿] {D(C, CS(S￿￿ [a, b]))}
←￿1≤￿￿≤k [￿￿]
≤ δsum
￿￿ = 1, . . . k
[￿￿]← δsum− + [￿￿]
C[￿￿] [a, b] D(C, CS(S￿￿ [a, b])) >
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C ← CS(S￿[i, j])
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C1 C2 ⊆ Σ D(C1, C2) > δ
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S = {S1, . . . , Sk} Σ
δ ≥ 0 C ⊆ Σ ￿k￿=1D(C, CS(S￿[i￿, j￿])) ≤ δ
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[im, jm] 1 ≤ m ≤ k I






















≤ (k − 2) δ
k








C ￿ S = {S1, . . . , Sk}
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C ￿
k
[im, jm]Sm C ￿ [im, jm]Sm
L R
δ C ￿ = CS(Sm[im, jm])
k−1
k
S = {S1, . . . , Sk} δ = 2k−2k δ
￿ = 1, . . . , k
i = 1, . . . , |S￿|
[￿￿]← 0 1 ≤ ￿￿ ≤ k
j ← i
j ≤ |S￿| [i, j]S￿
c← S￿[j]
S￿[i, j]
j ← j + 1
[￿￿]← [￿￿] + 1 1 ≤ ￿￿ ≤ k
￿￿ = 1, . . . , ￿−1, ￿+1, . . . , k
p S￿￿ S￿￿ [p] = c
p S2
l1, . . . , lδ+1 r1, . . . , rδ+1
[lx + 1, ry − 1] 1 ≤ x, y ≤ δ + 1
← D(CS(S￿￿ [lx + 1, ry − 1]), CS(S￿[i, j]))
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C ￿











δ C ￿ = CS(Sm[im, jm])
S￿￿ [im, jm]Sm C ￿
c ∈ C ￿
p S￿￿ S￿￿ [p] = c
d ← 0
l = p, . . . , L[p][δ + 1] + 1
S￿￿ [l] ∈ C ￿ [S￿￿ [l]] ≥ [c] l ￿= p
S￿￿ [l] /∈ C ￿ S￿￿ [l] /∈ CS(S￿￿ [l + 1, p])
d ← d + 1
d ← d
r = p, . . . , R[p][δ + 1]− 1
S￿￿ [r] ∈ C ￿ [S￿￿ [r]] > [c]
S￿￿ [r] /∈ C ￿ S￿￿ [r] /∈ CS(S￿￿ [l, r − 1])
d ← d + 1
dist← |CS(Sm[im, jm])|− |CS(S￿￿ [l, r])|+ 2d
dist < δ
δ [￿￿][ ]← δ [￿￿][ ] ∪ [l, r]
k δ
k C ￿
δ δ k× (δ+1)
δ [￿][ ] δ S￿ 1 ≤ ￿ ≤ k
dist C ￿ Sm
C ￿ δ [m][0] [im, jm]
CS(Sm[im, jm]) = C ￿ δ [m][ ] > 0
δ δ
C ￿ δ k
k
δ [￿￿][0]
Sm m > ￿￿
C ￿
k4
S = {S1, S2, S3, S4}
2 9













C1, . . . , Ck
k (C1, . . . , Ck) ΣC
M ⊆ ΣC pc C￿ 1 ≤ ￿ ≤ k
c ∈ Σ nc















C1, . . . , Ck Σ Mj
{C1, . . . , Cj} 1 ≤ j ≤ k pc,j = | {￿ | 1 ≤ ￿ ≤ j, c ∈ C￿} |
nc,j = | {￿ | 1 ≤ ￿ ≤ j, c /∈ C￿} |
j￿
￿=1
d(Mj , C￿) =
j−1￿
￿=1
d(Mj−1, C￿)+|Cj \Mj−1|+| {c ∈Mj−1\Cj : nc,j−1 ￿= pc,j−1} |.
c ∈ C dc,j = min {nc,j , pc,j}
c /∈ Mj−1 c /∈ Cj c ∈ Mj−1 c ∈ Cj
c /∈Mj−1 c ∈ Cj c ∈Mj−1 c /∈ Cj
nc,j−1 > pc,j−1 dc,j−1 = pc,j−1 c /∈ Cj
nc,j = nc,j−1 + 1 pc,j = pc,j−1 dc,j = dc,j−1
pc,j−1 > nc,j−1 dc,j−1 = nc,j−1 c ∈ Cj
kδ = 3
S = {S1, S2, S3} 3
CS(S1[1, 7])
{1, 2, 3, 4, 5, 6, 9} S
pc,j = pc,j−1 + 1 nc,j = nc,j−1 dc,j = dc,j−1
nc,j−1 > pc,j−1 dc,j−1 = pc,j−1 c ∈ Cj
pc,j = pc,j−1 + 1 nc,j = nc,j−1
dc,j =
￿
pc,j pc,j−1 < nc,j−1 − 1
nc,j pc,j−1 = nc,j−1 − 1
dc,j = dc,j−1+1 1
c /∈Mj c ∈Mj dc,j = nc,j = dc,j−1 + 1
pc,j−1 ≥ nc,j−1 dc,j−1 = nc,j−1 c /∈ Cj
nc,j = nc,j−1 + 1 pc,j = pc,j−1
dc,j =
￿
nc,j nc,j−1 < pc,j−1
pc,j nc,j−1 = pc,j−1
dc,j = dc,j−1+1 c ∈Mj /∈ Cj
c ∈Mj−1 c /∈Mj dc,j = pc,j = pc,j−1 = nc,j−1 = dc,j−1
dc,j
c ∈ Cj \Mj−1 c ∈ Mj−1 \ Cj nc,j−1 ￿= pc,j−1









k ￿ < k
￿
2 ≤ q ≤ k
S ￿ ⊆ S
k−q δk
δ



























(k − 2) · k
(k − 1) · k −
k − 2
(k − 1) · k
￿￿






(k − 2) · (k − 1)
(k − 1) · k
￿￿
= 2 · δ ·
￿
(k − 1)− (k − 2)
k
￿













C ￿ s− δk

































[im, jm]Sm [im, jm]Sm
C Sm[im − 1] Sm[jm + 1]
[im, jm]Sm
[i￿, j￿]S￿ δ
(i) S￿[i￿ − 1] ￿= Sm[im] ∧ S￿[j￿ + 1] ￿= Sm[im]
(ii) S￿[i￿ − 1] ￿= Sm[jm] ∧ S￿[j￿ + 1] ￿= Sm[jm]
[im, jm]Sm [i￿, j￿]S￿
2




(iii) S￿[i￿] ￿= Sm[im − 1] ∧ S￿[i￿] ￿= Sm[jm + 1]
(iv) S￿[j￿] ￿= Sm[im − 1] ∧ S￿[j￿] ￿= Sm[jm + 1]
[i￿, j￿]S￿ δ




2k−1k δ l < k
k − l
S￿+1, . . . , Sk
￿
2k−1k δ
1 ≤ ￿ < k
S￿+1, . . . , Sk
δ
[i￿, j￿]S￿ δ C
∗ = CS(S￿[i￿, j￿]) C
δ [i￿, j￿]S￿
f
C∗ ∩ C ￿
D(C∗, C) = |C∗ \ C|+ |C \ C∗|
= |(C∗ ∩ C ￿) \ C|+ |(C∗ \ C ￿) \ C|+ |(C ∩ C ￿) \ C∗|+ |(C \ C ￿) \ C∗|
= (6) + (7) + (1) + (4)
= (6) + (7) + (1) + (4) + (3)− (3) + (5)− (5) + (6)− (6) + (4)− (4)
=
￿
(7) + (3) + (1) + (5)
￿− ￿(3) + (5) + (6) + (4)￿+ 2￿(6) + (4)￿
= D(C∗, C ￿)￿ ￿￿ ￿
known




(C∗ ∩ C ￿￿ ￿￿ ￿
≥f
) \ C￿+ ￿ (C \ C ￿) \ C∗￿ ￿￿ ￿
≥0
￿￿
≥ D(C∗, C ￿)− δ
k
+ 2f.
D(C∗, C) D(C∗, C) ≤ f ￿ f ￿
C∗
D(C∗, C) ≥ max￿D(C∗, C ￿)− δk + 2f, f ￿￿






D(C∗, C ￿)− δk + 2f, f ￿
￿
C ￿
C C∗ ￿= C ￿ [i,￿ , j￿]S￿





I = ([i1, j1], . . . , [ik, jk]) k k ≥
2 S = {S1, . . . , Sk} Σ
δ ≥ 0 C ⊆ Σ
max
1≤￿≤k
D(C, CS(S￿[i￿, j￿])) ≤ δ.
[im, jm] I 1 ≤ m ≤ k
C ￿ = CS(Sm[im, jm])
max
1≤￿≤k
D(C ￿, CS(S￿[i￿, j￿])) ≤ 2δ.
C ￿
δ






δ (2δ) C ￿
δsum=k · δpw k−1
2k−1k δsum = (k−1) · 2 δsumk = (k−1) · 2δpw











k C = {C1, . . . , Ck}




δ ≥ 0 M ⊆ Σ C
k￿
￿=1
D(M,C￿) ≤ k · δ.
￿k
￿=1D(C,C￿) ≤ k ·δ C
C M ⊆ Σ ￿k￿=1D(M,C￿) <￿k￿=1D(C,C￿)
C ✷
C ￿ ⊆ Σ
S ∈ S = ({S1, . . . , Sk)} δcf = 2δ
C ￿ k
([i1, j1], . . . , [ik, jk]) [i￿, j￿] 1 ≤ ￿ ≤ k 2δ







δ = 1 S =
{S1, S2, S3} 4
C ￿ = CS(S1[1, 7])
δcf = 2δ
δcf
• [lx+1, ry− 1]


































C = {C1, . . . , Ck}
T1, . . . , Tk m = |ΣC |
T￿ p
T￿[p] p ΣC C￿
D(C￿, C￿￿)
C
DH(T￿, T￿￿) = | {p | T￿[p] ￿= T￿￿ [p]} |
T = {T1, . . . , Tk} m
Σ T maxk￿=1DH(T, T￿)
Σ = {0, 1}
T = {T1, . . . , Tk} m
Σ δ1, . . . , δk T
DH(T, T￿) ≤ δ￿ 1 ≤ ￿ ≤ k
T￿ T￿￿ m
p 1 ≤ p ≤ m T￿ T￿￿ T￿[p] =
T￿￿ [p]
T m
P = {i1, . . . , im￿} ⊆ {1, . . . ,m}
Q = {j1, . . . , jm￿￿} P Q = {1, . . . ,m} \
P T
P T |P = T [i1]T [i2] . . . T [i￿m] T |Q =
T [j1]T [j2] . . . T [j￿￿m] T T ￿
m DH(T, T ￿) = DH(T |P , T ￿|P ) +DH(T |Q, T ￿|Q)
￿
(T1, δ1), . . . , (Tk, δk)
￿
T1
T￿ 2 ≤ ￿ ≤ k T1 DH(T1, T￿) > δ￿







DH(T, T￿) > δ￿ T
T1
T1
O(km + kδ · 24δ(|Σ| − 1)δ), O(km + kδ · 24δ)
δ









T￿ 1 ≤ ￿ ≤ k
T
T
T1 d ∈ {0, 1, . . . , δ}
T
1, . . . , p d￿ ≤ d
((T1, δ1), (T2, δ2), (T3, δ3), (T4, δ4))
(a) DH(T1, T2) > δ2 T
T1 T2
T P (b)
DH(T1, T3) > δ3
T T1 T3 (c)
T4 DH(T1, T4) ≤ δ4
T T1
T
3 T1 5 0 T
T1 1
T1[1, p]
T [p + 1,m] d − d￿
T1[p + 1,m] p
T1
T
T1, . . . , Tk
T




p T 0 1
T [1, p − 1] δ T1[1, p − 1]￿p−1
d
￿






























dmax = max1≤￿≤k {D(T, T￿)} δ






























D(C∗, C) ≥ max {D(C∗, C ￿)− δ + 2f, f ￿} .


















C ⊆ Σ δ [i, j]
S Σ
D(CS(S[i, j]), C) ≤ δ
S 0 1 ￿ = j− i+1
c = |C| h = |C ∩ CS(S[i, j])| h
C
[i, j]
D(CS(S[i, j]), C) = c+ ￿− 2h,
hmin = 12(c+ ￿− δ) C [i, j]S
r
h c￿
￿ c￿ = |C ∩ CS(S)| h
h




















c￿ + δ [i, j￿] j￿ ≤ j δ C
[i, j]
h [i, j￿] j￿ ≤ j δ C
f(n, h, c￿, ￿) =















q(n, δ, c, c￿) =
￿c￿
h=c−δ f(n, h, c






P (n, δ, c, c￿) ≤ c￿ · q(n, δ, c, c￿).




Ppw(k, δ, c) =
k￿
k￿=1
P (nk￿ , δ, c, c￿k￿),
n￿k Sk￿ c
￿
k￿ = |C ∩ CS(Sk￿)|
q
q S
n min {n1, . . . , nk} c￿ min {c￿1, . . . , c￿k}
δ q k







P (n, δ, c, c￿)q
￿￿




q￿(n, δ, c, c￿)
δ
(δ−1)
q￿(n, δ, c, c￿) =
￿
q(n, δ, c, c￿)− q(n, δ−1, c, c￿) δ > 0
q(n, δ, c, c￿) δ = 0
δ δ
S c￿
P ￿(n, δ, c, c￿) ≤ c￿ · q￿(n, δ, c, c￿).
δ k
Psum(k, δ, c) =
δ￿
d=0
P ￿(nk, d, c, c￿k) · Psum(k − 1, δ − d, c),
Psum(0, δ, c) = 1
Psum,q(k, δ, c, q) =
δ￿
d=0
P ￿(nk, d, c, c￿k) · Psum,q(k−1, δ−d, c, q−1)
+ (1− P (nk, δ, c, c￿k)) · Psum,q(k−1, δ, c, q).
q
Psum,q(k, δ, c, q) = 0 q > k

















δ = 0 δ = 1 δ = 5 δ = 8 δ = 10
s = 4
7 7 28 1 39
δ 100% 100% 28% ￿ 1% 3 45
55 100 4107 8823 1.7 · 104
k 11 5464 5.1 · 109 3.0 · 1011 8.0 · 1012
k 11 65 1.0 · 107 1.6 · 109
k 11 33 1304 1.1 · 104
k 11 33 1246 8574
k 6 13 404 3895
6 7 36 43
s = 5
7 7 9 1 7 35 40
δ 100% 100% 96% 14% ￿ 1
35 59 1293 4366 1.3 · 104
k 7 1902 6.3 · 108 3.1 · 1010 3.8 · 1012
k 7 37 5.0 · 104 1.9 · 107 2.0 · 1010
k 7 18 478 3636 9889
k 7 18 445 2720 6006
k 5 10 129 748 1476
5 5 13 25 26
s = 6
7 7 8 13 2 14
δ 100% 100% 98% 67% ￿ 1
20 33 513 1518 8959
k 4 492 2.6 · 108 8.8 · 109 6.8 · 1011
k 4 21 1.5 · 104 5.6 · 105 1.9 · 109
k 4 8 218 1347 3706
k 4 8 203 1071 2642
k 3 6 52 254 612











s = 4 δ = 10
δ
δ = 8 δ = 12 δ = 18 δ = 24 δ = 32
s = 10
9 40 6 20
δ 99% 25% ￿ 1% 8 23 88 16
155 684 9010 2.3 · 104 4.2 · 104
k 6.3 · 108 4.8 · 1010 9.1 · 1012 2.3 · 1015 8.8 · 1016
k 8002 2.1 · 106 3.4 · 109
k 67 166 830
k 31 80 195
k 14 43 155
2 3 4
s = 15
9 10 118 3 23
δ 100% 99% 10% ￿ 1% 18 25
53 81 338 2838 2.4 · 104
k 4.1 · 105 1.0 · 108 1.3 · 1011 1.0 · 1013 9.7 · 1015
k 1658 1.9 · 104 7.1 · 106 7.1 · 108
k 15 21 51 80
k 9 15 24 29
k 5 5 5 5
1 1 1 1
s = 20
9 10 14 1 24 16 35
δ 100% 99% 87% 17% ￿ 1%
48 64 118 278 3472
k 4.0 · 105 1.5 · 107 6.5 · 108 1.6 · 1011 6.5 · 1013
k 1614 1.6 · 104 2.5 · 105 7.9 · 106 3.6 · 109
k 12 15 39 50 72
k 6 9 18 23 27
k 3 3 3 3 3
1 1 1 1 1
δ
δ = 0 δ = 1 δ = 2 δ = 3 δ = 4
s = 4
2 4 59 16
11 219 2656 5522
k 11 2.3 · 106 7.4 · 109 2.1 · 1011
k 11 5.5 · 105 1.7 · 109
k 11 1245 1.2 · 105
k 11 1180 1.2 · 105
k 6 162 2.6 · 104
6 17 29
s = 6
2 4 32 6 0
4 48 326 2766 5536
k 4 5.3 · 104 1.4 · 108 5.9 · 1010 1.1 · 1012
k 4 486 2.6 · 107 1.4 · 1010
k 4 213 1.8 · 104 7.2 · 105
k 4 201 1.8 · 104 6.6 · 104
k 3 61 856 1.6 · 104
3 4 9 13
s = 8
2 3 6 12 51
2 22 70 382 2857
k 2 5051 6.4 · 106 1.6 · 109 3.3 · 1011
k 2 96 3.3 · 104 3.2 · 108
k 2 17 2582 1.4 · 105
k 2 17 2510 1.3 · 105
k 2 16 181 2560
2 2 3 3
s = 10
2 3 5 14 3 21
1 10 35 84 427
k 1 722 8.5 · 105 1.5 · 108 1.2 · 1010
k 1 11 4482 1.3 · 106 2.3 · 109
k 1 9 298 1.5 · 104 5.2 · 105
k 1 9 296 1.4 · 104 4.5 · 105
k 1 9 71 1120 1.2 · 104
1 1 2 2 3
k
δ s = 4
δ = 4
s = 5 δ = 8 q = 5 q = 4 q = 3 q = 2
1 53 19 8 21 10 21 15
4371 5102 5102 5102
k 3.1 · 1010 9.5 · 1011 9.5 · 1011 9.5 · 1011
k 2.3 · 107 1.5 · 108 1.7 · 108 1.7 · 108
k 3636 8532 9139 9139
k 2720 5733 6165 6165
k 748 592 478 478
25 33 36 36
q
s = 5 δ = 8








s = 6 δ = 9
s = 6 δ = 9
δ = 1 6
s = 6 δ = 1
δs = 6 δ = 1
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• GC(S, T ) := | {i | j CS(S[i, i]) = CS(T [j, j])} |




• CI(S, T ) := | {[i, j]S | CS(S[i, j]) T} |
• CI(S, T, δ) := | {[i, j]S | CS(S[i, j]) δ T} |










CI(S, T, d, ￿)
S ￿ d T (d−1)





￿ · CI(S, T, d, ￿)






￿ · CI(S, T, d, ￿)





(￿−d) · CI(S, T, d, ￿)
CIsize(S, T, δ) CIsize,deg(S, T, δ)￿n







































































































D(C,C ￿) = max














k S = {S1, . . . , Sk} Σ
δ C=CS(S￿[i￿, j￿])
C ￿= CS(S￿￿ [i￿￿ , j￿￿ ]) D(C,C ￿)≤δ C ￿
G = (V,E)
• C = CS(S￿[i￿, j￿]) S
V = {vC | C=CS(S￿[i￿, j￿])}
• vC vC￿ D(C,C ￿) = 1
(C \ C ￿) ∪ (C ￿ \ C)
SG = (V,E) v0, v1, . . . , vm
(vi, vi+1) 0 ≤ i < m
δ




C ⊆ Σ C ￿ δ
C0, C1, . . . , Cd C0 = C
Cd = C ￿ d ≤ δ |Ci \ Ci+j |+ |Ci+j \ Ci| = j j ≤ δ−i
S1 = 1, 2, 3, 4, 5, 6 S2 = 7, 2, 5, 8
δ δ ≥ 2
